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ON ASYMPTOTIC EXPANSIONS FOR BASIC
HYPERGEOMETRIC FUNCTIONS
ALEXANDER E PATKOWSKI
Abstract. This paper establishes new results concerning asymptotic expan-
sions of q-series related to partial theta functions. We first establish a new
method to obtain asymptotic expansions using a result of Ono and Lovejoy,
and then build on these observations to obtain asymptotic expansions for re-
lated multi hypergeometric series
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1. Introduction and Main Results
In keeping with usual notation [6], put (y)n = (y; q)n :=
∏
0≤k≤n−1(1 − yqk),
and define (y)∞ = (y; q)∞ := limn→∞(y; q)n. Recall (see [11, pg.182]) the parabolic
cylinder function Ds(x), defined as the solution to the differential equation of Weber
[7, pg.1031, eq.(9.255), #1]
∂2f
∂x2
+ (s+
1
2
− x
2
4
)f = 0.
This function also has a relationship with the confluent hypergeometric function
1F1(a; b;x) [11, pg.183], [7, pg.1028]
Ds(x) = e
−x2/4√pi
(
2s/2
Γ(12 − s2 )
1F1(−s
2
;
1
2
;
x2
2
)− x2
s/2+1/2
Γ(− s2 )
1F1(
1
2
− s
2
;
3
2
;
x2
2
)
)
.
In the last two decades considerable attention has been given to asymptotic ex-
pansions of basic hypergeometric series when q = e−t as t→ 0+. Special examples
related to negative values of L-functions have been offered in [3, 8, 9, 12, 13, 14].
Recall that an L-function is defined as the series L(s) =
∑
n≥1 ann
−s, for a suit-
able arithmetic function an : N → C. In the simple case an = 1, we have the
Riemann zeta function L(s) = ζ(s), for ℜ(s) > 1, and if an = (−1)n, we obtain
L(s) = (1 − 21−s)ζ(s).
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As it turns out, there are general expansions for basic hypergeometric series with
q = e−t which include special functions as terms along with values of L(s). To this
end, we offer the first instance of a more general expansion in the literature for
certain multi-dimensional basic hypergeometric series. To illustrate our approach
we first recall the result due to Ono and Lovejoy [9, Theorem 1], which says that
for k ≥ 2, integers 0 < m < l, if
(1.1)
Fk(z, q) :=
∑
rk−1≥rk−2···≥r1≥0
(q)nk−1(z)nk−1z
nk−1+2nk−2+···+2n1qr
2
1+r1+r
2
2+r2+···+r2k+rk
(q)rk−1−rk−2(q)rk−2−rk−3 . . . (q)r2−r1(q)r1(−z)r1+1
,
then as t→ 0+,
e−(k−1)m
2tFk(e
−lmt, e−l
2t) =
∑
n≥0
Ll,m(−2n) ((1− k)t)
n
n!
,
where Ll,m(s) = (2l)
−s (ζ(s, m2l )− ζ(s, l+m2l )) . Here the Hurwitz zeta function is
ζ(s, x) =
∑
n≥0(n + x)
−s, a one parameter refinement of ζ(s). Their paper uses
a clever specialization of Andrews’ refinement of a transformation of Watson to
obtain (1.1). By [9, Theorem 2.1]
(1.2) Fk(z, q) =
∑
n≥0
(−1)nz(2k−2)nq(k−1)n2 .
Putting q = e−wt
2
, and z = e−vt, and taking the Mellin transform (see (2.10) or
[11]) of (1.2), Lemma 2.4 of the next section tells us that for ℜ(s) > 0, ℜ(w) > 0,
(1.3)
∫ ∞
0
ts−1
(
Fk(e
−vt, e−wt
2
)− 1
)
dt
= (2w(k − 1))−s/2(1− 21−s)ζ(s)Γ(s)ev2(k−1)/(2w)D−s
(
v2(k − 1)√
2(k − 1)w
)
.
Now by Mellin inversion and Cauchy’s residue theorem, it can be shown that
(1.4) Fk(e
−vt, e−wt
2
)− 1
∼ ev2(k−1)/(2w)
∑
n≥0
(2w(k − 1))n/2
n!
(−t)n(1− 21+n)ζ(−n)Dn
(
v2(k − 1)√
2(k − 1)w
)
,
as t → 0+. As a result of our new observation, we are able to produce general
expansions of a similar type as (1.4) by appealing to Bailey chains [1]. We believe
our observation is significant in its implications for further asymptotic expansions
for basic hypergeometric series.
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Theorem 1.1. Define for k ≥ 1
An,k(z, q) :=
∑
n≥r1≥r2···≥rk≥0
ar1+r2+···+rkqr
2
1+r
2
2+···+r2k
(q)n−r1(q)r1−r2 . . . (q)rk−1−rk
(z)rk+1(q/z)rk
(q)2rk+1
.
For any v ∈ C, and ℜ(w) > 0,
−1 +
∑
n≥0
(e−wt
2
; e−wt
2
)n(−1)ne−wt
2n(n+1)/2An,k(e
−vt−wt2(k+1), e−wt
2
)
∼ t−1
√
pi
4w(k + 1)
ev
2/(4(k+1)w)
(
erf
(
v
2
√
(k + 1)w
)
− erf
(
− v
2
√
(k + 1)w
))
+ev
2/(8(k+1)w)
∑
n≥0
(2w(k + 1))n/2
n!
(−t)nζ(−n)Dn
(
− v√
2(k + 1)w
)
−ev2/(8(k+1)w)
∑
n≥0
(2w(k + 1))n/2
n!
(−t)nζ(−n)Dn
(
v√
2(k + 1)w
)
.
as t→ 0+.
We mention that the function in Theorem 1.1. should be compared to the G(z, q)
function contained in [9].
Theorem 1.2. Define for k ≥ 1
Bn,k(z, q) :=
∑
n≥r1≥r2···≥rk≥0
Pn,r1,r2,...,rk(q)q
n−r1+2(r1−r2)+···+2k−1(rk−1−rk),
where
Pn,r1,r2,...,rk(q) :=
(−q2; q)2r1(−q2
2
; q2)2r2 . . . (−q2
k
; q2
k−1
)2rk
(q2; q2)n−r1(q2
2 ; q22)r1−r2 . . . (q2
k ; q2k)rk−1−rk
(z; q2
k
)rk+1(q
2k/z; q2
k
)rk
(q2k ; q2k)2rk+1
.
For any v ∈ C, and ℜ(w) > 0,
−1 +
∑
n≥0
(e−wt
2
; e−wt
2
)n(−1)ne−wt
2n(n+1)/2Bn,k(e
−vt−wt2(2k+1), e−wt
2
)
∼ t−1
√
pi
4w(2k + 1)
ev
2/(4(2k+1)w)
(
erf
(
v
2
√
(2k + 1)w
)
− erf
(
− v
2
√
(2k + 1)w
))
+ev
2/(4(k+1)w)
∑
n≥0
(w(2k + 1))n/2
n!
(−t)nζ(−n)Dn(− v√
(2k + 1)w
)
−ev2/(4(k+1)w)
∑
n≥0
(w(2k + 1))n/2
n!
(−t)nζ(−n)Dn( v√
(2k + 1)w
).
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Theorem 1.3. Define for k ≥ 1
Cn.k(z, q) =
∑
n≥r1≥r2···≥rk≥0
qr
2
1/2+r1/2+r
2
2/2+r2/2+···+r2k/2+rk/2
(q)n−r1(q)r1−r2 . . . (q)rk−1−rk
(z)rk+1(q/z)rk
(q)rk(q; q
2)rk+1
.
For any v ∈ C, and ℜ(w) > 0,
−1 +
∑
n≥0
(e−wt
2
; e−wt
2
)n
(−e−wt2 ; e−wt2)n (−1)
ne−wt
2n(n+1)/2Cn,k(e
−vt−wt2(k+1)/2, e−wt
2
)
∼ t−1
√
pi
2w(k + 2)
ev
2/(2(k+2)w)
(
erf
(
v
2
√
(k + 2)w
)
− erf
(
− v
2
√
(k + 2)w
))
+ev
2/(4(k+2)w)
∑
n≥0
(w(k + 2))n/2
n!
(−t)nζ(−n)Dn(− v√
(k + 2)w
)
−ev2/(4(k+2)w)
∑
n≥0
(w(k + 2))n/2
n!
(−t)nζ(−n)Dn( v√
(k + 2)w
),
as t→ 0+.
We note that it may be desirable to utilize the Hermite polynomial representation of
the parabolic cylinder function [7, pg.1030, eq.(9.253)]Dn(x) = 2
−n/2e−x
2/4Hn(
x√
2
),
as an alternative. Due to the parity relationship Dn(−x) = (−1)nDn(x), there is
some collapsing that takes place for Theorems 1.1 through Theorem 1.3.
Our last result is an apparently new asymptotic expansion for a partial theta func-
tion involving a nonprincipal Dirichlet character χ.
Theorem 1.4. Let χ(n) be a real, primitive, nonprincipal Dirichlet character as-
sociated with L(s, χ). Let v ∈ C, and ℜ(w) > 0. Then if χ is an even character,
∑
n≥1
χ(n)e−wn
2t2−vnt ∼ ev2/(8w)
∑
n≥0
(2w)(2n+1)/2(−t)2n+1
(2n+ 1)!
L(−2n−1, χ)D2n+1( v√
2w
),
as t→ 0+, and if χ is an odd character,
∑
n≥1
χ(n)e−wn
2t2−vnt ∼ ev2/(8w)
∑
n≥0
(2w)n(−t)2n
(2n)!
L(−2n, χ)D2n( v√
2w
),
as t→ 0+.
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2. Proofs of results
We recall that a pair (αn(a, q), βn(a, q)) is referred to as a Bailey pair [4] with
respect to (a, q) if
(2.1) βn(a, q) =
∑
0≤j≤n
αj(a, q)
(q; q)n−j(aq; q)n+j
.
Iterating [5, (S1)] k times gives us the following lemma.
Lemma 2.1. For k ≥ 1,
(2.2) β′n(a, q) =
∑
n≥r1≥r2···≥rk≥0
ar1+r2+···+rkqr
2
1+r
2
2+···+r2k
(q)n−r1(q)r1−r2 . . . (q)rk−1−rk
βrk(a, q)
(2.3) α′n(a, q) = a
knqkn
2
αn(a, q).
Iterating [5, (D1)] k times gives us the following different lemma.
Lemma 2.2. For k ≥ 1,
(2.4)
β′n(a, q) =
∑
n≥r1≥r2···≥rk≥0
pn,r1,r2,...,rk(a, q)q
n−r1+2(r1−r2)+···+2k−1(rk−1−rk)βrk(a
2k , q2
k
),
where
pn,r1,r2,...,rk(a, q) :=
(−aq; q)2r1(−a2q2; q2)2r2 . . . (−a2
k
q2
k−1
; q2
k−1
)2rk
(q2; q2)n−r1(q2
2 ; q22)r1−r2 . . . (q2
k ; q2k)rk−1−rk
,
and
(2.5) α′n(a, q) = αn(a
2k , q2
k
).
Lastly, we iterate [5, (S2)] k times.
Lemma 2.3. For k ≥ 1,
(2.6)
β′n(a, q) =
1
(−√aq)n
∑
n≥r1≥r2···≥rk≥0
(−√aq)rkar1/2+r2/2+···+rk/2qr
2
1/2+r
2
2/2+···+r2k/2
(q)n−r1(q)r1−r2 . . . (q)rk−1−rk
βrk(a, q)
(2.7) α′n(a, q) = a
kn/2qkn
2/2αn(a, q).
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Now it is well-known [1. Lemma 6] that (αn(q, q), βn(q, q)) form a Bailey pair where
(2.8) αn(q, q) = (−z)−n q
(n+12 )(1− z2n+1)
1− q ,
(2.9) βn(q, q) =
(z)n+1(q/z)n
(q)2n+1
.
The Mellin transform is defined as [11] (assuming g satisfies certain growth condi-
tions)
(2.10) M(g)(s) :=
∫ ∞
0
ts−1g(t)dt.
The main integral formula we will utilize is given in [7, pg.365, eq.(3.462), #1].
Lemma 2.4. For ℜ(s) > 0, ℜ(w) > 0,
∫ ∞
0
ts−1e−wt
2−vtdt = (2w)−s/2Γ(s)ev
2/(8w)D−s(
v√
2w
).
By the Legendre duplication formula Γ( s2 )Γ(
s
2 +
1
2 ) = 2
1−s√piΓ(s), and the value
D−s(0)Γ(1+s2 ) = 2
s/2√pi, it is readily observed that the v → 0 case of this lemma
reduces to the integral formula for w−s/2Γ( s2 ). The parabolic cylinder function is
an analytic function in v and x that enjoys the property that it has no singularities.
Proof of Theorem 1.1. Inserting (2.8)–(2.9) into Lemma 2.1 gives us the following
Bailey pair
(2.11) β¯n(q, q) :=
∑
n≥r1≥r2···≥rk≥0
ar1+r2+···+rkqr
2
1+r
2
2+···+r2k
(q)n−r1(q)r1−r2 . . . (q)rk−1−rk
(z)rk+1(q/z)rk
(q)2rk+1
(2.12) α¯n(q, q) = (−z)−n q
(2k+1)n(n+1)/2(1 − z2n+1)
1− q ,
A limiting case of Bailey’s lemma [1, pg.270, eq.(2.4)] (with a = q, ρ1 = q, ρ2 →∞,
and N →∞) says that
(2.13)
∑
n≥0
(q)n(−1)nqn(n+1)/2βn(q, q) = (1− q)
∑
n≥0
(−1)nqn(n+1)/2αn(q, q).
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Inserting (2.11)–(2.12) into (2.13) gives
(2.14)∑
n≥0
(q)n(−1)nqn(n+1)/2
∑
n≥r1≥r2···≥rk≥0
ar1+r2+···+rkqr
2
1+r
2
2+···+r2k
(q)n−r1(q)r1−r2 . . . (q)rk−1−rk
(z)rk+1(q/z)rk
(q)2rk+1
=
∑
n≥0
(−1)n(−z)−nq(k+1)n(n+1)(1 − z2n+1).
Putting q = e−wt
2
, and z = e−vt−wt
2(k+1), we have that (2.14) becomes
(2.15)
∑
n≥0
(e−wt
2
; e−wt
2
)ne
−wt2n(n+1)/2(−1)nAn,k(e−vt−wt
2(k+1), e−wt
2
)
=
∑
n≥0
envt−wt
2(k+1)n2 (1− e−vt(2n+1)−wt2(k+1)(2n+1))
=
∑
n≥0
envt−wt
2(k+1)n2 −
∑
n≥0
envt−wt
2(k+1)n2−vt(2n+1)−wt2(k+1)(2n+1)
=
∑
n≥0
envt−wt
2(k+1)n2 −
∑
n≥1
e−wt
2(k+1)n2−vtn.
Subtracting a 1 from (2.15) and then taking the Mellin transform, we compute that
M
{∑
n≥0
(e−wt
2
; e−wt
2
)ne
−wt2n(n+1)/2(−1)nAn,k(e−vt−wt
2(k+1), e−wt
2
)− 1
}
=
∫ ∞
0
ts−1

∑
n≥1
envt−wt
2(k+1)n2 −
∑
n≥1
e−wt
2(k+1)n2−vtn

 dt
=
∑
n≥1
∫ ∞
0
ts−1
(
envt−wt
2(k+1)n2 − e−wt2(k+1)n2−vtn
)
dt
=
∑
n≥1
(
(2w(k + 1)n2)−s/2Γ(s)ev
2/(8(k+1)w)D−s
(
− v√
2(k + 1)w
)
− (2w(k + 1)n2)−s/2Γ(s)ev2/(8(k+1)w)D−s
(
v√
2(k + 1)w
))
= (2w(k + 1))−s/2ζ(s)Γ(s)ev
2/(8(k+1)w)D−s
(
− v√
2(k + 1)w
)
− (2w(k + 1))−s/2ζ(s)Γ(s)ev2/(8(k+1)w)D−s
(
v√
2(k + 1)w
)
.
Here we employed Lemma 2.4 with v replaced by nv, and w replaced by w(k+1)n2,
and the resulting formula is analytic for ℜ(s) > 1. Now applying Mellin inversion,
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we compute that for ℜ(s) = c > 1,
(2.16)
− 1 +
∑
n≥0
(e−wt
2
; e−wt
2
)n(−1)ne−wt
2n(n+1)/2An,k(e
−vt−wt2(k+1), e−wt
2
)
=
1
2pii
∫
(c)
(
(2w(k + 1))−s/2ζ(s)Γ(s)ev
2/(8(k+1)w)D−s(− v√
2(k + 1)w
)
− (2w(k + 1))−s/2ζ(s)Γ(s)ev2/(8(k+1)w)D−s( v√
2(k + 1)w
)
)
t−sds.
The modulus of the integrand can be seen to be estimated as follows (see [11, pg.398]
for a similar example). Making the change of variable s→ s+ 12 , we obtain an inte-
gral for ℜ(s) > 12 . For ℜ(s) = σ > 12 , we have ζ(s+ 12 )≪ ζ(σ+ 12 ). The growth of the
integrand is then seen to be dominated by Γ(s+ 12 )e
v2/(8(k+1)w)D−s− 1
2
( v√
2(k+1)w
),
due to Stirling’s formula. Now an estimate of Paris [10, pg. 425, A(10)] for the
parabolic cylinder function D−s− 1
2
(x) for fixed x as |s| → ∞, says that
(2.17) D−s− 1
2
(x) =
√
pie−x
√
s
2s/2+1/4Γ( s2 +
3
4 )
(
1− x
3
24
√
s
+
x2
24s
(
x2
48
− 3
2
) +O(s−3/2)
)
,
uniformly for | arg(s)| ≤ pi−δ < pi. By the asymptotic estimate (2.17) in conjunction
with [11, pg.39, Lemma 2.2], we see the growth of the integrand is well controlled.
Hence, we may apply Cauchy’s residue theorem to obtain our expansion.
The integrand of (2.16) has simple poles at s = 1 and the negative integers s = −n
due to Γ(s). Using lims→1(s−1)ζ(s) = 1, and [7, pg.1030, eq.(9.254),#1] D−1(x) =√
pi/2ex
2/4(1− erf( x√
2
)),
lim
s→1
(s− 1)t−s
(
(2w(k + 1))−s/2ζ(s)Γ(s)ev
2/(8(k+1)w)D−s(− v√
2(k + 1)w
)
− (2w(k + 1))−s/2ζ(s)Γ(s)ev2/(8(k+1)w)D−s( v√
2(k + 1)w
)
)
= t−1(2w(k + 1))−1/2ev
2/(8(k+1)w)
(
D−1(− v√
2(k + 1)w
)−D−1( v√
2(k + 1)w
)
)
= t−1
√
pi
4w(k + 1)
ev
2/(4(k+1)w)
((
1− erf
(
− v√
4(k + 1)w
)
))
−
(
1− erf
(
v√
4(k + 1)w
)
)))
.
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Using standard properties of Mellin transforms, we compute the residues at the
negative integers to see that as t→ 0+,
−1 +
∑
n≥0
(e−wt
2
; e−wt
2
)n(−1)ne−wt
2n(n+1)/2An,k(e
−vt−wt2(k+1), e−wt
2
)
∼ t−1
√
pi
4w(k + 1)
ev
2/(4(k+1)w)
(
erf
(
v
2
√
(k + 1)w
)
− erf
(
− v
2
√
(k + 1)w
))
+
∑
n≥0
(2w(k + 1))n/2
n!
(−t)nζ(−n)ev2/(8(k+1)w)Dn
(
− v√
2(k + 1)w
)
−
∑
n≥0
(2w(k + 1))n/2
n!
(−t)nζ(−n)ev2/(8(k+1)w)Dn
(
v√
2(k + 1)w
)
.

Proof of Theorem 1.2. Inserting (2.8)–(2.9) (with q replaced by q2
k
) into Lemma
2.2 gives us the following Bailey pair
(2.18) βˆn(q, q) =
∑
n≥r1≥r2···≥rk≥0
Pn,r1,r2,...,rk(q)q
n−r1+2(r1−r2)+···+2k−1(rk−1−rk),
where
Pn,r1,r2,...,rk(q) :=
(−q2; q)2r1(−q2
2
; q2)2r2 . . . (−q2
k
; q2
k−1
)2rk
(q2; q2)n−r1(q2
2 ; q22)r1−r2 . . . (q2
k ; q2k)rk−1−rk
(z; q2
k
)rk+1(q
2k/z; q2
k
)rk
(q2k ; q2k)2rk+1
,
(2.19) αˆn(q, q) = (−z)−n q
2kn(n+1)/2(1 − z2n+1)
1− q2k ,
Inserting (2.18)–(2.19) into (2.13) gives
(2.20)∑
n≥0
(q)n(−1)nqn(n+1)/2Bn,k(z, q) =
∑
n≥0
(−1)n(−z)−nq(2k+1)n(n+1)/2(1− z2n+1).
Putting q = e−wt
2
, and z = e−vt−wt
2(2k+1)/2, we have that (2.20) becomes
(2.21)
∑
n≥0
(e−wt
2
; e−wt
2
)n(−1)ne−wt
2n(n+1)/2Bn,k(e
−vt−wt2(2k+1)/2, e−wt
2
)
=
∑
n≥0
envt−wt
2(2k+1)n2/2(1− e−vt(2n+1)−wt2(2k+1)(2n+1)/2)
=
∑
n≥0
envt−wt
2(2k+1)n2/2 −
∑
n≥0
e−wt
2(2k+1)(n+1)2/2−vt(n+1)
=
∑
n≥0
envt−wt
2(2k+1)n2/2 −
∑
n≥1
e−wt
2(2k+1)n2/2−vtn.
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Subtracting a 1 from (2.21) and then taking the Mellin transform, we compute that
M
{∑
n≥0
(e−wt
2
; e−wt
2
)ne
−wt2n(n+1)/2Bn,k(e−vt−wt
2(2k+1), e−wt
2
)− 1
}
=
∫ ∞
0
ts−1

∑
n≥1
envt−wt
2(2k+1)n2/2 −
∑
n≥1
e−wt
2(2k+1)n2/2−vtn

 dt
=
∑
n≥1
∫ ∞
0
ts−1
(
envt−wt
2(2k+1)n2/2 − e−wt2(2k+1)n2/2−vtn
)
dt
=
∑
n≥1
(
(w(2k + 1)n2)−s/2Γ(s)ev
2/(4(2k+1)w)D−s
(
− v√
(2k + 1)w
)
− (w(2k + 1)n2)−s/2Γ(s)ev2/(4(2k+1)w)D−s
(
v√
2(2k + 1)w
))
= (w(2k + 1))−s/2ζ(s)Γ(s)ev
2/(4(2k+1)w)D−s
(
− v√
(2k + 1)w
)
− (w(2k + 1))−s/2ζ(s)Γ(s)ev2/(4(2k+1)w)D−s
(
v√
2(2k + 1)w
)
.
Here we employed Lemma 2.4 with v replaced by nv, and w replaced by w(2k +
1)n2/2, and again the resulting formula is analytic for ℜ(s) > 1. By Mellin inversion,
we compute for ℜ(s) = c > 1,
− 1 +
∑
n≥0
(e−wt
2
; e−wt
2
)n(−1)ne−wt
2n(n+1)/2An,k(e
−vt−wt2(2k+1), e−wt
2
)
=
1
2pii
∫
(c)
(
(w(2k + 1))−s/2ζ(s)Γ(s)ev
2/(4(2k+1)w)D−s
(
− v√
(2k + 1)w
)
− (w(2k + 1))−s/2ζ(s)Γ(s)ev2/(4(2k+1)w)D−s
(
v√
(2k + 1)w
))
t−sds.
The integrand has a simple pole at s = 1 and the negative integers s = −n due to
Γ(s). We compute the residues at the negative integers to see that as t→ 0+,
−1 +
∑
n≥0
(e−wt
2
; e−wt
2
)n(−1)ne−wt
2n(n+1)/2Bn,k(e
−vt−wt2(2k+1), e−wt
2
)
∼ t−1
√
pi
4w(2k + 1)
ev
2/(4(2k+1)w)
(
erf
(
v
2
√
(2k + 1)w
)
− erf
(
− v
2
√
(2k + 1)w
))
+
∑
n≥0
(w(2k + 1))n/2
n!
(−t)nζ(−n)ev2/(4(2k+1)w)Dn
(
− v√
(2k + 1)w
)
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−
∑
n≥0
(w(2k + 1))n/2
n!
(−t)nζ(−n)ev2/(4(2k+1)w)Dn
(
v√
(2k + 1)w
)
.

Proof of Theorem 1.3. Since the proof is identical to the proof of our previous two
theorems, we only outline some of the major details. Inserting the Bailey pair
(2.8)–(2.9) into Lemma 2.3 and using (2.13) we obtain the identity
(2.22)
∑
n≥0
(q)n
(−q)n (−1)
nqn(n+1)/2Cn,k(z, q)
=
∑
n≥0
z−nq(k+2)n(n+1)/2(1− z2n+1),
where
Cn.k(z, q) =
∑
n≥r1≥r2···≥rk≥0
qr
2
1/2+r1/2+r
2
2/2+r2/2+···+r2k/2+rk/2
(q)n−r1(q)r1−r2 . . . (q)rk−1−rk
(z)rk+1(q/z)rk
(q)rk(q; q
2)rk+1
.
Putting q = e−wt
2
, and z = e−vt−wt
2(k+2)/2, and proceeding as before the result
follows. 
Proof of Theorem 1.4. By Lemma 2.4, we have for ℜ(s) = c′ > 1, ℜ(w) > 0,
∑
n≥1
χ(n)e−wnt
2−vnt =
1
2pii
∫
(c′)
(2w)−s/2Γ(s)L(s, χ)ev
2/(8w)D−s(
v√
2w
)t−sds.
Since L(s, χ) is assumed to be nonprincipal, there is no pole at s = 1. Hence,
computing the residues at the poles s = −n from the gamma function,
∑
n≥1
χ(n)e−wn
2t2−vnt ∼ ev2/(8w)
∑
n≥0
(2w)n/2(−t)n
n!
L(−n, χ)Dn( v√
2w
),
as t→ 0+. After noting that if χ is even, then L(−2n, χ) = 0, and if χ is odd, then
L(−2n− 1, χ) = 0 the result follows.

3. Concluding Remarks
Here we have of course limited ourselves with our choices of changing base of q
to three examples from [5]. Therefore, many more examples may be obtained
by appealing to different Bailey chains from [5]. It would be desirable to obtain
expansions for other L-functions, such as those contained in [3].
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